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Abstract 

Let M be a finitely generated module of dimension d over a Noetherian 
local ring (R, m) and q the parameter ideal generated by a system of 
parameters x — (x\, . . . , xj) of M. For each positive integer n, set 

d 

A d ,n = {a — (qi, . . . ,a d ) £ Z d \ai > 1, VI < i < d and ^ a» = d + n-1} 

i=l 

and q(a) = (x™ 1 , . . . , x^ d ). Then we prove in this note that M is a sequen- 
tially Cohen-Macaulay module if and only if there exists a certain system 
of parameters x such that the equality q n M = f~) q(a)M holds true 

for all n. As an application of this result, we can compute the Hilbert- 
Samuel polynomial of a sequentially Cohen-Macaulay module with respect 
to certain parameter ideals. 
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1 Introduction 

Throughout this note we denote R a commutative Noetherian local ring with 
the maximal ideal m and M is a finitely generated i?,-module with dim M = d. 
Let x = x\, . . . , Xd be a system of parameters of module M and q = (xi, . . . , Xd) 
the parameter ideal of M generated by x. For each integers n ^ 1, we set 

d 

^d,n = {(c^i, . . • , ad) £ Z d |ckj ^ 1 for all 1 ^ i ^ d and oti = d + n — 1}. 



*Email: ntcuong@math.ac.vn 
tEmail: hltruong@math.ac.vn 



1 



Let q(a) — (x™ 1 , . . . ,x^ d ) for all a — (ai,...,a<j) 6 Ad, n - We say that the 
system of parameters x has the property of parametric decomposition, if the 
equality q n M — f] q(a)M holds true for all n ^ 1. The main purpose 

of this note is to study the question of when a given system of parameters of 
M has the property of parametric decomposition. Note that Heinzer, Ratliff 
and Shah [HRS., Theorem 2.4] proved that an i?-regular sequence always has 
the property of parametric decomposition. Later, Goto and Shimoda |GS1[ 
Theorem 1.1] showed that the converse is also true when each element of the 
sequence is a non-zerodivisor in R. Moreover, they gave in GS2, Theorem 1.1] a 
characterization of R with dim R ^ 2, in which every system of parameters of R 
has the property of parametric decomposition. In order to generalize this result 
of Goto and Shimoda, let us recall some notions which were defined in [CCj . 
A filtration V : H° (M) = D C D x C . . . C D t = M of submodules of M is 
said to be a dimension filtration, if Di-i is the largest submodule of Di with 
dimZ3.;_i < dimDi for alH = t, t — 1, . . . , 1. If DijD^i is Cohen-Macaulay for 
all i = 1, ... ,t, M is called a sequentially Cohen-Macaulay module. A system 
of parameters x = x\,. . . ,Xd of M is called a good system of parameters of 
M if Di n (xdt+i, • ■ • , Xd)M = for all i = 0, . . . ,t — 1 where d l = dimDj. 
Now, restrict our interest in the above question to the set of all good systems of 
parameters of M . It turns out that the property of parametric decomposition 
of a good system of parameters can be characterized by the sequentially Cohen- 
Macaulayness of the module. The following theorem is the main result of the 
note. 

Theorem 1.1. The following statements are equivalent: 

(i) M is a sequentially Cohen-Macaulay module. 

(ii) Every good system of parameters of M has the property of parametric de- 
composition. 

(Hi) There exists a good system of parameters of M having the property of 
parametric decomposition. 

As a consequence of Theorem 11.11 we obtain a module version for the main 
result of Goto-Shimoda [GS2l Theorem 1.1]. 

Corollary 1.2. Let dimM ^ 2 and H^(M) the th local cohomology module 
of M with respect to the maximal ideal m. Then the following statements are 
equivalent: 

(i) M I 'H^(M) is a Cohen-Macaulay module and mH^(M) = 0. 

(ii) Every system of parameters of M has the property of parametric decom- 
position. 

Before giving proofs for Theorem 1.1 and its corollary in Section 3, we 
need some basic facts on good systems of parameters and sequentially Cohen- 
Macaulay modules, which will be summarized in Section 2. In Section 4 we shall 
show that the Hilbert-Samucl polynomial of a sequentially Cohen-Macaulay 
module M with respect to a good parameter ideal (Theorem 4.3) can be effec- 
tively computed by using Theorem 1.1 and the dimension filtration T> of M. 
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2 Preliminaries 



Throughout this paper, R is a Noetherian local commutative ring with max- 
imal ideal m and M is a finitely generated R- module with dimAf = d. Let 
x = x\, . . . , Xd be a system of parameters of module M and we denote by q the 
ideal generated by xi, . . . , Xd- For positive integers n, s, we set 

s 

h-s.n — {(cxi, . . . , a s ) £ Z d \ai 1 for all 1 ^ i ^ s and on = s + n — 1}. 

i=l 

Let q(a) = (x" 1 , . . . , x^ d ) for each a = (a l7 . . . , a d ) 6 A d-n . Then q™ C 
P| q(a)M, and if the equality q™ = f] q(a)M holds true for a system 

of parameters x of M, we say that x has the property of parametric decompo- 
sition. Recall that a filtration 2? : ff°(M) = D C D x C . . . C D t = M 
of submodules of M is said to be a dimension filtration, if Di-i is the largest 
submodule of Di with diml?i_i < dim Di for all i = t, t — 1, . . . , 1, and system 
of parameters x = sci, . . . ,Xd of M is called a 300c? system of parameters of M 
if n (jg^+i, . . . , Xd)M = for alH = 0, . . . , t — 1 where di = dimDj. 

Now, let us briefly give some facts on the dimension filtration and good 
systems of parameters (see [CCJ . |CNj ). Because of the Noetherian property of 
M, the dimension filtration of M exists uniquely. Therefore, in the sequel we 
always denote by 

V : E° m {M) =D cD 1 C...cD t = M 

with dim Di = di the dimension filtration of M. In this case, we also say that the 
dimension filtration V of M has the length t. Moreover, let HpeAssA/ N(p) = 
be a reduced primary decomposition of of M, then Di = ridim(_R/p)^di + i ^(P)- 
Put Ni = HdhnCH/DX* N (P)- Therefore AnJV,=0 and dim(Af/JVi) = <k. 
By the Prime Avoidance there exists a system of parameters x — (xi, . . . , x d ) 
such that Xdi+i, ■ ■ ■ , Xd G Ann (M/Ni). It follows that Di n (xd t +i, ■ ■ ■ , Xd)M C 
Ni fl = for all i = 0, . . . , t — 1. Thus x = xi, . . . , #d is a good system of 
parameters of M, and therefore the set of good systems of parameters of M is 
non-empty. Let x = x\, . . . ,Xd be a good system of parameters of M. It easy to 
see that x±, . . . , Xd t is a good system of parameters of Di and 
good system of parameters of M for any d-tuple of positive integers n\, . . . , n^. 

Lemma 2.1. Let x = X\, . . . , Xd be a good system of parameters of M . Then 
Di = : m Xj for all j = di + 1, . . . , <ii+i, i = 0, 1, — 1, and therefore 
0:n iiC0:m i 2 C...C0 : m x d - 

Proof. Since Di n (2^+1, . . . , Xd)M — 0, we have A C : m £j I0r all j ^ di + 1. 
Thus it suffices to prove that :m £j C £)j for any di < j ^ <ij+i. Assume that 
:m ^ f »• s be the largest integer such that :m Xj % D s _i. Then 
t ^ s > i and :m Xj = :o g Xj. Since d s ^ d^+i ^ j, is a parameters 
element of D s and therefore dimO :m Xj < d s . Hence \m Xj Q ^s-i by the 
maximality of D a —\. This contradicts to the choose of s. Therefore :m Xj = 
Di. □ 



3 



Lemma 2.2. Let N be a sub-module of M such that dimiV < dimM and M/N 
a Cohen- Macaulay module. Let Xi,...,Xj be a part of a system of parameters 
ofM. Then 

( Xl ,..., Xi )Mf]N =(x u ...,Xi)N. 

Proof. We argue by the induction on i. The case i = 1 is trivial. Assume 
that i > 1. Let a G (xi, . . . , Xi)Mf] N. We write a = x\a\ + . . . + x^a^ where 
a., G M, j = 1, . . . ,i. Since a G N, Oj G (JV+(aci, . . . , Xi_i)M) : x$. On the other 
hand, since the sequence x\, . . . ,Xi is M/iV-regular, (N + {x\, . . . , Xj_i)M) :m 
a;, = JV + (xi, . . . , Xi-\)M, and we get a% G N + (xi, . . . , x^_i)M. Write a, = 
Xi&i + . . . + Xi-ibi-i + c, where 6^ G M, j — 1, . . . , i — 1 and c £ N. Then 
a — XiC G (xi, . . . , x,_i)M H AT = (xi, . . . , Xi_i)iV by the inductive hypothesis. 
Hence a G (xi, . . . , x,)iV. □ 

Recall that M is said to be a sequentially Cohen- Macaulay module, if each 
quotient Di/Di_i in the dimension filtration of M is Cohen-Macaulay. Note 
that the notion of sequentially Cohen-Macaulay modules was introduced first 
by Stanley in [St] for the graded case, and was studied for the local case in |Sch] . 
|CNj . The following result is an immediate consequence of Lemma 12.21 and the 
definition of a good system of parameters. 

Corollary 2.3. Let x = xi, . . . , Xd be a good system of parameters of a sequen- 
tially Cohen-Macaulay M . Then (xi, . . . , Xd)M fl Di = (x\, . . . , XdJDi for all 
i = 1, 1. 

3 Proof of Theorem 1.1 

To prove Theorem 1.1 we need some auxiliary lemmata. The following result 
is due to Heinzer-Ratliff-Shah [HRS, Theorem 2.4]. But we give here the module 
version of this result proved by Goto-Shimoda |GS2( Lemma 2.1]. 

Lemma 3.1. Let s be a positive integer and yi, . . . , y s an M -regular sequence 
in m. Then 

aeA 3> „ 

for all n 1 . 

With the same methods that used in |GSlj , we can prove the following results 
which are module versions of Proposition 3.4 and Lemma 2.1 of [GSlj . 

Lemma 3.2. Let s be a positive integer and y\, . . . ,y s a sequence of elements 
in m such that (y x , . . . , y s ) n M = f| (y" 1 , . . . , yf s )M for alln^l. Then 

q£A Si „ 

(i) (yi, ... , yi ) n M = (V? 1 y? l )M for all n ^ 1 and i < s. 

aeA i}Tl 

(ii) y^ +1 MD ( yi ,..., yi ) m M C ( yi ,..., yi ,y i+1 ) k + m M for all k,m > 1 and 
i < s. 
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Lemma 3.3. Let s be a positive integer and y\, . . . ,y s a sequence of elements 
in m such that (y x , . . . , y s ) n M = f| (y" 1 , . . . , yf s )M for alln^l. Then 

o£A I]tl 

y k +l M n (y 1} . . . , Vi ) m M C . . .,y h y i+l )M + (y u . . ., yi ) ro+1 M 

/or a/Z fc, m ^ 1 and 1 ^ i < s. 

Proof. By Lemma 13.21 it is enough to show that 

{y x , . . . ,y h y i+1 ) k+m M C . . .,y uVi+ i)M + {y x , . . ., yi ) m+1 M 

for all k,m^ 1. Indeed, let a be an element of M and (m, . . . , n,, G Z l+1 

such that m + . . . + nj+i = k + m. If n^+i ^ A;, then ni + . . . +n« + («t+i — fe) = 
r7i 1. Thus 

^ . . . y?y^a = y k i+1 (y? . . . y?y%?- k )a € y k +1 (yr, ■ ■ ■ , Ifc, W+i)M. 

If rij+i ^ k— 1, then ni+. • .+Jii = fc+777— rij+i to+I. Thus 7/™ 1 . . . y^y^l^a € 
(y 1 ,...,y i ) m+1 M. Therefore 

V? ■ ■ ■ yTvZVa G Vi+iiVi, • • • . W+i)M + (yi, . . . , yi ) m+1 M, 
and the inclusion follows. □ 

Lemma 3.4. Let x = x\, . . . , Xd be a system of parameters of M having the 
property of parametric decomposition. Then for all 1 ^5 i < j d, there exists 
an integer k 1 such that qiM : x™ = qiM + :m x k for all n k. 

Proof. First, we claim that x^MtlqiM C x™{xj, (\i)M for all 77 1. Assume the 
contrary. Then, by Krull's Intersection Theorem there is an integer 777 1 so 
that x™MDq 2 M C x"(xj, q^M+tf^M but x^Mnq.M % x^(x j: q^M+qf +1 M. 
Therefore 

x"M n q,M C a£M n [sjfo, q,)M + q™M] = a^fo, q<)M + a£M n qfM. 

On the other hand, by Lemma \'S. 31 and the hypothesis, we get x"M n q^M C 
x^(jXj,qi)M + q™ +1 Af . It follows that x™M n q»M C ^(a; i ,q)M + q™ +1 M, 
which is impossible. Hence x™M n q^M C x^(xj, qi)M and the claim is proved. 
Thus 

a#(q<M : ^) C a;"M n q*M C <(.,•,. q,i.\/. 

Therefore q*M : sc!? C {x^q^M + : M a;™. Take k > so that q,M : = 
q,.\/ : 4 +1 and : M x) = : M x k+1 . Then q,.\/ : ^ C (,r,.q,).\l • : M a$ 
for all 77 ^ fc. Let a S qiM : x™, we write a = Xjb + a;i6i + . . . + x^bi + c, 
where c € :m x k . Since x"a € q l M and n ^ k, b € q l M : . Thus 
a € ajjfajM : + q,M + : M x k . It follows that 

q t M : ^ n = .r,;q,.\/ : + q,.\/ + : M ^ = x^M : x]) + q,.\l + : M x) 

for all n ^ k. Hence q^M : = q^M + :m a;^ by Nakayama Lemma. □ 
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Now we are able to prove Theorem 1.1. 

Proof of Theorem 1.1. (i) =>■ (ii). Let x — Xi,...,Xd be a good system of 
parameters of M. We prove by the induction on the length t of the dimen- 
sion filtration T> of M that x has the property of parametric decomposition. 
The case t = is trivial. Set M — M/A-i- Since M is a Cohen-Macaulay 
module, the sequence xi,...,x<j is M-regular. Then q n M — f] q(a)M, 

therefore f] q(a)M C q n M + A-l- Since x" 1 , . . . , x a d A is a good sys- 

aSA d ,„ 

tern of parameters of M for all a £ A<j |tl , it follows by Corollary 12.21 that 
q(a)M DA-x = (z?\a£ 2 , • . . , x^ 1 )A-i- Thus 

P| q(a)M=[ f) q(a)M]H[q"M + A-i] 
= q"M+ f| [q(a)Mn A-i] 

a£A d ,„ 

= q"M+ f| (xr,x?,...,x a d *^)D t _,. 

Note that (ft, . . .jft^^l, . . . , 1) £ A d: „ for any (ft, . . .,ft t _J £ A<j t _ lin and 
the length of the dimension filtration of the sequentially Cohen-Macaulay mod- 
ule A-i is t — 1. Therefore, by the inductive hypothesis we have 

(ai,...,aj)eAj,„ (/3i,...,/3 dt _ 1 )eA dtl ,„ 

= (a;i,a: 2 ,...,a: -t _ 1 ) n A-x C q"M. 

Hence 

p| q(a)M = q"M 

aeA d .n 

as required. 

(ii) => (iii) is obvious. 

(Hi) =>■ (i). Let x = xi, . . . , Xd be a good system of parameters of M having the 
property of parametric decomposition. We show first that (q%M + A) : Xj+i = 
qiM + A for all i < d s+ i and s = 0, . . . , t — 1. Indeed, there exists by Lemma 
13.41 a positive integer k such that q^M : xf +1 = q»M + :m x^ +1 and q^M : 

x dt+i = 1*-^ + ^ '~ M x d s+1 - Observe by Lemma |2~T1 that :m x* +1 C :m x d s+1 - 
Then we have 

(q.M + : M x ds+1 ) : x k i+1 C q 4 M : 

= (q,M + : M x 4 fc +1 ) : x ds+1 ) 
C q,M : x^ = qiM + : M 
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Note by Lemma |2~T1 that D s = :m +1 , so we get 

(q,M + £> s ) : C q,M + Z? s C (q*M + D s ) : Zj+i 

for all t < c? s +i, and the conclusion follows. This implies that depthM/D s ^ 
dg+i for s = 0, ...,<— 1. Now, from the short exact sequences 

-» D s /-D 5 _! -> M/D s _! -► M/£> s -> 0, 

it follows that D s /D s _i is Cohen-Macaulay for all s = 1, . . . ,t, and the proof 
of Theorem 1.1 is complete. □ 

Proof of Corollary 1.2. (i) =4> (ii). It is easy to see from the hypothesis that 
M is a sequentially Cohen-Macaulay module with the dimension filtration T> : 
H°n(M) C M. Moreover, by Lemma [2?2l we have 

{x u ...,x d )MC\Hl(M) = (x u ...,x d )H^(M)C m H^(M)=0 

for any system of parameters x±, . . . ,x d of M. This means that every system of 
parameters of M is good, therefore it has the property of parametric decompo- 
sition by Theorem 1.1. 

(ii) => (i). First, it follows by Theorem 1.1 that M is sequentially Cohen- 
Macaulay. Remember that the definition of the dimension filtration of M that 
Dq = H^(M) and dimDj > for all i > 0. Therefore the implication is proved, 
if we can show that mD t -i — 0. Suppose the contrary. Then there is an element 
x\ e m so that x\D t -\ ^ and dim M/x±M = d — 1. Since d > 2, we can 
choose X2 G xn such that x 2 D t -\ = and dim Mj (xi,x 2 )M = d — 2. We observe 
that the sequence x\,x 2 and + X2 are part of systems of parameters of 

M . Therefore, by the hypothesis and Lemma [321 (i) we get 

(xj,xi+ x 2 )M n + x 2 ) 2 )M = (xi,xi+ x 2 ) 2 M 

= ( Xl ,x 2 ) 2 M = (x\,x 2 )M n(xi,x?,)M. 

Since M/D t -i is Cohen-Macaulay, it follows from Lemma \2. 21 that 

xiDt-i = (x\,xi + x 2 )D t ^i n (xi, (xi + x 2 ) 2 )D t -i 
= (xl,x 2 )Dt-i n (xi 7 x\)D t ^i = x\D t -\. 

Thus X\D t -\ = by Nakayama's lemma, which is impossible. Hence mD t -i = 
0. □ 



4 Hilbert-Samuel polynomials 

A parameter ideal q is called a good parameter ideal if it is generated by a 
good system of parameters. Then, in this section we shall show that for a se- 
quentially Cohen-Macaulay module M the Hilbert-Samuel function H q: M(n) = 
£(M/q n+1 M) has a special expression with non-negative coefficients, which can 
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be computed by the dimension filtration, and this function coincides with the 
Hilbert-Samuel polynomial Pq,M(n) for any good parameter ideal q of M and 
all n ^ 1. Moreover, the sequentially Cohen-Macaulayness of M can be charac- 
terized by this expression of the Hilbert-Samuel function. First, we begin with 
the following lemma which is an easy consequence of Theorem 1.1. 

Lemma 4.1. Let q be a good parameter ideal of a sequentially Cohen- Macaulay 
module M . Then 

q"MnA = q"A, 

for all n 1 and i = 0, . . . , t. 

Proof. Since q is a good parameter ideal of M, there is a good system of pa- 
rameters Xi, . . . , x d of M such that qM = (xi, . . . , x d )M. Then by Theorem 1.1 
and Corollary |2.3[ we get 

q"MHA=[ f| q(«)M]nA 

= p| (q(a)MnA)= H {^\xT,...^)Di. 

Observe that {(3 1: . . . ,(3 di , 1, . . . , 1) 6 A dj „ for all (/3i, . . ■ , (3 dt ) 6 A rfi>n . There- 
fore, we obtain by Theorem 1.1 that 

P [%1 1 j 2-2 2 ' ■ ■ ■ ' x di * Q P (xf , X2 , ■ ■ ■ , 33 c j i * )Di 

aeA i: „ ( / 3i,...,^d i )£A ij , n 

= (ii,...,id,)"A. 

So q^M flDj C (ii,..., x di ) n Di C q n Z?i and the conclusion follows. □ 

The following result seems to be well-known. But, as we can not find a 
reference to it, we give a brief proof for the sake of completeness. 

Lemma 4.2. Let q be a parameter ideal of module M . Then 

£(M/q n+1 M) < (™ + d d ^jl{M/qM). 

Moreover, this inequality becomes an equality if and only if M is a Cohen- 
Macaulay module. 

Proof. Suppose that q = (xi, . . . ,x d ) is a parameter ideal of M. We set N = 

oc 

(M/qM)[Xi, ...,X d ] and gr q (M) = qW/q i+1 M. Then one has the natural 

i=0 

surjection ip : N — > gr q (M) defined by f{Xi) — x, G q/q 2 - Therefore 

£(M/q n+x M)^£(N/(X 1 ,...,X d ) n+l N) = (* + *\i(M/qM). 

Moreover, the last inequality becomes an equality if and only if tp is an iso- 
morphism, and this condition is clear equivalent to the Cohen-Macaulayness of 
M. □ 
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Theorem 4.3. Let T> : Do C D\ C . . . C -Dt = M be the dimension filtration 
of M and set T>i = Di/Di-i for all i = 1, . . . , t, 2?o = -Do- Then the following 
statements are equivalent: 

(i) M is a sequentially Cohen- Macaulay module. 

(ii) For any good parameter ideal q of M , it holds 

£(M/q"+ 1 M) = ^( n + di )£(A/qA) 

for all n 0. 

(ii) There exists a good parameter ideal q of M such that 

e(MW+ l M) = J2( n l di )e(Vim) 

i=0 ^ 1 ' 

for all n 0. 

Proof, (i) (ii). We argue by the induction on the length t of the dimension 
filtration T> of M. The case t = is obvious. Assume that t > 0. By virtue of 
Lemma 0TTJ we have a short exact sequence 

-» A-i/q" +1 D t -i -» M/q n+1 M -> M/q n+1 M + D t -i -> 0. 

Therefore, we have £(M/q" +1 M) = £(A-i/q n+1 A-i) + ^(I»t/q n+1 f *)• Since 
-Dt-i is a sequentially Cohen-Macaulay module and its dimension filtration is 
of the length t — 1, it follows from the inductive hypothesis that 

£(A-i/q" +1 A-i) - £ (""^WaPO- 

i=o ^ 1 ' 

Note that V t is Cohen-Macaulay of dimension d = dt, we have 
Hence 

£(M/q"+ 1 M) = ^( n + di )wqI? i ), 
i=o ^ 1 ' 

for all n ^ as required. 

(ii) =>■ (iii) is trivial. 

(iii) (i). Since the following sequence is exact 

A-i/q" +1 A-i M/q" +1 M -» M/q n+1 M + D t -i 0, 

we get l(M/q n+l M) < ^(A-i/q" +1 A-i) + ^(2? t /q" +1 A)- Therefore, by in- 
duction on the length of the dimension filtration we can show that 

t 

£(M/q n+1 M) ^^iiVi/q^Vi). 

i=0 
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On the other hand, since 



for all i = 0, . . . , t by Lemma 14.21 



£(M/q n+1 M) < ^(©i/q"* 1 ©*) < 



It follows from the hypothesis of (iii) that £(r> 4 /q"+ 1 P. i ) = { n ^ i )i{T> i /c(Di) for 
all i = 0, . . . , t. Thus T>i is Cohen-Macaulay for all i = 0, . . . , t by Lemma 14.21 
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□ 
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